In this paper we extend the numerical study of the Maderich et al (2010) on the interaction of an interfacial solitary wave with a bottom step, considering (i) the energy loss of a solitary waves of both polarities interacting with a bottom step and (ii) features of transformation of a large-amplitude internal solitary waves at the step. We show that the dependence of energy loss on the step height is not monotonic, but has different maximum positions for different incident wave polarities. The energy loss does not exceed 50% of the energy of an incident wave. The results of our numerical modeling are compared with some recent results from laboratory tank modeling.
I. INTRODUCTION
Internal waves are well known to play a significant role in mixing processes and in the dissipation of mechanical energy in the ocean (Munk and Wunsch 1 ) These authors hypothesized that as well as along the ocean shelves, intense mixing occurs in regions with underwater mountains and banks, where intense internal waves are generated by the barotropic tide and are then broken down propagating over the non-uniform bottom relief with horizontally variable density stratification. There is a considerable literature on the transformation of nonlinear internal waves such as internal solitary waves (ISW) over horizontally variable background, and their consequent disintegration. The limiting case of adiabatic Ivey 17 Chen et al, 18, 19 Cheng et al, 20 Gorodetska et al, 21 ). Often these processes were studied in the twolayer flow approximation. Important strongly nonlinear processes in ISW shoaling have been revealed and studied in field observations and laboratory and numerical experiments: formation of surging localised vortexes ("boluses") transporting the dense water upslope (Helfrich, 22 Michallet and Ivey, 17 Klymak and Moum, 6 Bourgault et al, 14 Venayagamoorthy and Fringer, 23 Bourgault and Kelley 24 ;
Aghsaee et al, 25 . Maderich et al 15 ) and shear instability in the runup of ISW depression waves (Orr and Mignerey, 26 Boegman et al, 27 Maderich et al 15 ) . Energy losses of nonlinear internal waves in the shoaling process have been discussed including dissipation on the real ocean shelves (Lozovatskii et al 28 ; Lamb 29 ; Moum et al 30, 31 ; Kelly et al 32 ; Shroyer et al 33 ) . Another limiting case of ISW propagating over a bottom step was studied for a two-layer stratification theoretically by Grimshaw et al 34 and
numerically using the fully nonlinear Navier-Stokes equations by Maderich et al. 35, 36 In the paper by
Grimshaw et al 34 the study on the solitary wave transformation over a step was carried out using a weak nonlinear approximation (extended Korteweg -de Vries equation), without taking into account energy losses and mixing. It was shown that the bottom step height determines the reflection and transmission coefficients and in case when it is equal to the height of the lower layer, there is the full reflection of solitary wave and no energy passes over the step. The transformation of solitary wave with moderate amplitude and positive polarity over the bottom step was studied numerically using the fully nonlinear Navier-Stokes equations by Maderich et al 35 . The bottom step height in that study was chosen relatively small to compare with the asymptotic theory of Grimshaw et al 34 . With a larger bottom step and amplitude of the incident solitary wave the applicability of the weakly nonlinear theory is violated and it was then shown by Maderich et al 36 that for an incident solitary wave of large amplitude and negative polarity part of the energy is transformed into mixing and the formation of eddies in front of step with the Kelvin-Helmholtz (KH) instability after the step. Maderich et al 36 estimated the energy losses using the methodology developed by Shepherd, 37 Scotti et al 38 and Lamb, 29 and found a growth of energy losses with a decrease in the ratio of depth of lower layer (h 2+ ) behind the step to the incident wave amplitude ( i a ) in the range 2 / i h a + from 3.3 to 1.25. In this paper we have extend these abovementioned studies considering (i) the interaction of the solitary waves of both polarities with a bottom step, (ii) the effect of varying the step height from a small fraction of total depth to the full depth, and (iii) features of ISW of large amplitude. The study is done by the numerical experiment simulating a tank of laboratory scale as in our previous works. The fully nonlinear Navier -Stokes equations are solved as a two-dimensional problem. The short description of experiment setup is presented in Section 2. The results of numerical experiments for the interaction of an interfacial solitary wave with a step, and the consequent energy losses are discussed in Section 3. Our conclusions are summarized in Section 4.
NUMERICAL EXPERIMENT SETUP
The numerical model using the Navier -Stokes equations has been described in detail by Kanarska A total of 78 runs are performed, with about 12 to 14 runs for each incident wave amplitude. These runs cover a range of incident ISW with moderate and large amplitudes, a i , for both elevation and depression types in a wide range of positive and negative heights of lower layer after step, h 2+ , counted at the undisturbed interface position. The sign "minus" for the height of lower layer after the step, h 2+ , means that the step height is more than the height of lower layer before the step, 2 h − . Sections x l and x r are the sections where the reflected and transmitted wave energy is estimated, and they are determined in Table 1 as the distance from the step point. 
RESULTS FROM THE MODELING
We present our results for the energy losses of interfacial solitary waves of both polarities incident at the bottom step for a wide range of step heights and for several incident wave amplitudes for elevation ISW and depression. The balance of the energy after the wave has crossed the step is estimated following Maderich et al 36 . The pseudoenergy which is the sum of kinetic and available potential energy (Shepherd 37 ) of incident, transmitted and reflected waves is calculated using the energy fluxes of these waves at the sections x l and x r . The method of estimation of available potential energy and energy fluxes had been discussed in (Scotti et al, 38 Lamb, 29 Kang and Fringer 40 ). The relative estimation of the energy loss is given by
where PSE in , PSE tr and PSE ref are the pseudoenergies of incident, transmitted and reflected waves respectively. To reduce viscous losses of energy in the reflected and transmitted waves, the cross sections before and after the step would be taken as close to the step edge as possible. So the energy of incident, transmitted and reflected wave are calculated approximately at the distance of the incident wavelength.
The losses of energy, δE loss , as a function of height of lower layer after step, 2 h + , and incident wave amplitude, a i , are shown in Fig. 2 and Fig Looking at the right-hand panels for ISW of both polarities in Figs. 2 and 3 it seems that the selfsimilarity of the curves takes place to the all of positive normalized heights of upper layer after step, 
shows self-similarity for positive and negative h 2+ /|a i | and for ISW of both polarities (Fig. 4) . For large positive values h 2+ /|a i | the loss of energy is relatively small. The incident energy is almost entirely transmitted over the step and the energy difference, ΔE, is close to 1. With thinning of lower layer over step two concurrent processes affect energy transformation: growing reflection of waves (Fig. 4) and growing dissipation (Figs 2 and 3) . The maximal value of dissipation is about 50% and it is reached at h 2+ /|a i | ≈ 0 for elevation ISW types and at h 2+ /|a i | ≈ 1 for ISW depression types when the wave trough "touches" the step. At this maximum the reflected wave energy is approximately equal to the transmitted wave energy as seen in Fig. 4 . With further increasing of the height of the step and decreasing of h 2+ the energy of the reflected wave increases and dissipation of energy at the step decreases. In the limiting case, h 2+ = -h 1 , the ISW reflects from the vertical wall, however this process can be also accompanied by mixing. than 10%. This regime was studied by Grimshaw et al, 33 Maderich et al 35, 36 for ISW of both polarities.
The amplitudes and number of reflected and transmitted waves are well predicted by the theoretical model of Grimshaw et al 34 provided that the amplitude of the incident wave is less than the known Gardner solitary wave limiting amplitude (Maderich et al 35, 36 ). The relative energy difference E Δ can be estimated from the coefficients of transmission ( / 
As seen in Fig. 5a the relation (6) describes quite well the transformation of elevation ISW over relatively deep step 2 / i h a + >1, however, at the shallower step it underestimates transmitted wave energy. At the same time the relations (5) describe transformation of depression ISW of small amplitude quite well even for the shallow step, but it overestimates transmitted wave energy (Fig. 5b) for waves of large amplitude. Such discrepancies can be explained by the appearance of elevation waves of finite amplitude through the step, and by instability and mixing in the depression waves. 
where u is the horizontal velocity. The boundary for linear stability of parallel stratified flow is The strong interaction (III) of ISW with the step is the regime when the flow over the step is supercritical. This regime is identified from condition that the composite Froude number Fr in step cross-section is more than 1 (Fig. 7) . Here Fr is defined as
where U 1 and U 2 are the layer averaged velocities in each layer. The supercritical flow causes a jet directed backward and downward for depression ISW (Fig. 8a) . The jet formation and vortex mixing for depression ISW were studied by Maderich et al 36 . For incident wave of elevation the supercritical flow is directed forward. It results in the formation of vortex of dense fluid (bolus) propagating along the step (Fig. 8 b) . This regime corresponds to values -0.8 ≤ h 2+ /|a i | ≤ 0.2 for elevation ISW and 0.47 ≤ h 2+ /|a i | ≤ 2 for depression ISW types. Energy loss value in this regime exceeds 20% and tends to maximum about 50% both for waves of positive and negative polarities (Figs. 2 and 3) . The relative energy difference between transmitted and reflected waves varies here from +0.6 to -0.6. The bolus intrusion into water over the step takes place when the depth of bottom layer over the step h 2+ tends to zero or a little bit less than zero for both kinds of incident solitary waves. This process for elevation ISW is shown in Fig. 9 as snapshots of salinity field for various h 2+ in successive times.
Fig. 7. Maximal values of composite Froude number, max
Fr , at the step versus ratio h 2+ /|a i | for incident elevation ISW types (a) and depression ISW types (b). The third run corresponds to h 2+ /|a i | = 0. In this case bolus is smaller than in the previous run, nevertheless the leading vortex propagates for a long time and the vortex sheet after it dominates resulting in the strong mixing. The energy loss for this case tends to the maximum.
In the fourth run the step is above surface of interface, and h 2+ turns to negative values (h 2+ /|a i |=-0.12).
In this case flow is still supercritical (regime III), however, bolus becomes smaller, the leading vortex vanishes after some time and only the vortex sheet remains. This vortex sheet also is not so strong as in the third run and bolus is destroyed faster than in the third run. Energy loss is decreased due to increase of amplitude of reflected wave. Processes of interaction of solitary wave of depression with the step, when the incident wave amplitude is -8.8 cm and the height of the bottom layer is changed, are presented in Fig. 10 for successive times. 
CONCLUSIONS
The interaction of an internal solitary wave with a bottom step is studied to estimate the energy loss of an incident internal solitary wave. It is studied numerically in a computing tank in the approximation of two-layer flow within the full Navier -Stokes equations.
Five different regimes of internal solitary wave interaction were identified within the full range of ratios of height of bottom layer after the step to the incident wave amplitude : (I) weak interaction, when wave dynamics can fully described by weakly nonlinear theory (Grimshaw et al 34 ) (II) moderate interaction when wave breaking mechanism over the step is mainly shear instability; (III) strong interaction when supercritical flow in the step vicinity results in backward jet and vortices for depression waves and in a forward moving vortex (bolus) transporting dense fluid on the step; (IV) transitional regime of interaction at the step height between splash on the step and complete reflection from the step; reflection regime (V) when almost all energy transfers to the energy of reflected wave.
The mechanism of KH instability takes place for reasonable amplitude waves of both depression and elevation during interaction with the bottom step for all regimes except regime I. For this two-layer flow the energy loss due to an internal solitary wave interacting with the bottom step does not exceed 50% of the energy of the incident wave. The maximum of energy loss an elevation incident wave is reached when the ratio of the height of bottom layer after the step to incident wave amplitude, h 2+ /a, equals zero. For an incident depression wave this ratio in maximum of energy loss is close to one.
Self-similarities of the energy loss versus the ratio of the height of upper layer after the step to incident wave amplitude take place for the values, h 2+ /a > -0.75 for elevation ISW and for h 2+ /a i > 0.5 for depression ISW. It is shown that incident depression ISW in the transitional regime reflects with the formation of secondary solitary waves of opposite polarity after the step. Finally, the numerical
